Abstract.
to {a, b} [A], If we do not make any specification, a loop is always a loop with its domain [0, 1] . A space X is locally simply connected at x, if for any neighborhood U of x there exists a neighborhood V (c U) of x such that any loop / in V is homotopic to a constant loop in U. A space X is locally strongly contractible at x , if there exists a neighborhood U of x such that idy and the constant map x are homotopic relative to {x}. Let Z be a one-point union of X and F with the common point x. It is well-known and can be proved by a standard method that if Z is locally simply connected at x then n(Z) is naturally isomorphic to n(X)*n(Y).
Suppose that X and F are locally strongly contractible at x. Then, Z is also locally strongly contractible at x and hence n(Z) ~ n(X) * n(Y) naturally. The next proposition shows a role of first countability concerning homotopy and it also holds if X is locally strongly contractible at x. We need a definition to state it. A loop / in (X, x) V (F, y) with f(0) -x is proper with respect to X, if f satisfies the following: If (an, bn) in e I) are pairwise disjoint open intervals such that (lne,ian, bn) = r\x\{x})
,then I is finite.
Proposition 3 (essentially in [1, 2.1]). Let X be locally simply connected at x and first countable at x . Let f be a loop in (X, x) v(F, y) with /(0) = x such that \Jn€N{an , bn) = r\x \ {x}) and (am , bj n (a" ,bn) = 4> for m ¿ n. Then, there exist m e N and a proper loop f* with respect to X such that f* is homotopic to f relative to {0, 1, an , bn : « > m).
Since it is not so hard to prove this if we use the two given local properties and a similar proof can also be found in [3, Lemma 3.1], we omit the proof. Since Proposition 3 can be used effectively to prove Theorem 1, our strategy is to construct the desired space so that the conclusion of this proposition does not hold. Now we state the construction.
Let Xm = {(x,y) : (x -l/k)2 + y2 = l/k2, k > m) for m e N and Ynm be spaces homeomorphic to Then, « is continuous and the desired continuous map can be easily gotten using «. Therefore, X is a Tychonoff space.
Proof of Theorem 2. Let X be the space constructed already and x = (0, 0). It suffices to show that n((X, x) V iX, x)) is not trivial. Denote the first Case 1. {m : (1/2'", 3/2m+1) x {1} c 0¡) are finite for all i. We get ik e I(k e N) such that ik ¿ ik, for k # k' and {m : (1/2'", 3/2'"+1) x {1} c Oi } ¿ <p. For k e N, let Hkia) = Hia) for a e O, and Hkia) = x*, otherwise. Then, Hk induces a homotopy from finite nontrivial windings to the constant loop. Therefore, there exist a, e O, such that Hia, ) -p " .
Since Oi ik e N) is pairwise disjoint, there exists a condensation point a* of {ak : k e N}. Since we can get a subsequence of ak(k e N) which converges to a*, we assume lim^^ ak -a* for simplicity of notation. Then, pm n converges to Hia*). Lemma 4 implies Hia*) e P. On the other hand, for each k e N there exists a point ßk on the segment from ak to a* such that Hißk) = x*. This implies Hia*) = x*, which is a contradiction. Case 2. {m : (1/2'" , 3/2'"+ ) x {1} c 0(} is infinite for some i. Then, there exist jk e J(k e N) such that jk £ jk, for k £ k' and {m : (3/2'", 1/2'""') x {1} C P } / 4> by the connectedness of 0¡. Now, we work in X instead of X and get a contradiction by the same argument as Case 1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use If Xj is locally strongly contractible at x¡, or X¡ is locally simply connected at Xj and also first countable at x¡, then the conclusion of Proposition 3 holds for Xj and x for each i e I, as we mentioned before. Therefore, the assumption of Proposition 6 is satisfied in such a case.
